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Fermions Mixtures

What are Bosons?

Bosons are quantum particles whose statistics are symmetric:

L?(RdN) = {le € LZ(RdN) : Vo € Sy, lP(XO'(l)a' . '?XO'(N)) = ‘P(xl,. .. ,XN)}
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What are Bosons?

Bosons are quantum particles whose statistics are symmetric:

L?(RdN) = {le € LZ(RdN) : Vo € Sy, lP(XO'(l)a' . '?XO'(N)) = ‘P(xl,. .. ,)CN)}

They evolve according to Schrodinger’s equation
ih&t‘{’N = HNlPN

where Hy is the Hamiltonian encoding the physics of the system.
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Bosons Fermions Mixtures

What are Bosons?

Bosons are quantum particles whose statistics are symmetric:

LX(RN) = {qu € L*(R™) : Vo € Sy, ¥(xo(1),- - Xo) = P(x1,... ,xN)}

They evolve according to Schrodinger's equation
ihd, ¥y = Hy'WPy

where Hy is the Hamiltonian encoding the physics of the system.

Question: How do we effectively describe Wy(z) for N > 17
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Fermions Mixtures

Bose-Einstein Condensates

It was noticed by Bose and Einstein in 1924 that symmetric wave
functions could condense and be represented by a single wave function,

\PN ~ l[/®N.
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Bose-Einstein Condensates

It was noticed by Bose and Einstein in 1924 that symmetric wave
functions could condense and be represented by a single wave function,

lPN ~ III®N.

This was experimentally confirmed much later by cooling a gas of bosons
to their lowest energy state [Cornell, Wieman 1995], [Ketterle 1995].
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Fermions

Bose-Einstein Condensates

It was noticed by Bose and Einstein in 1924 that symmetric wave
functions could condense and be represented by a single wave function,

lPN ~ III®N.

Fig. 2. False-color with thermal equilbrium. The condensate fraction (mostly blue and white) is

(B) just after o
condensate, and (G) after further evaporation has left & sample of nearly pure s infact an image of a single, macroscopically ocoupied quantum wave func-
condensate The tion. The fild of view of each image is 200 wm by 270 um. The observed

pe
cication that the consistent
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Schrodinger — Hartree

Definition (Marginal)
Given Wy € L*(RN) define the first marginal

}/N(t;xl,x'l) ZN/RZd(N_l)lPN(Z,xl,Xz,...,XN)IP_N(I,xll,XQ,...,xN)dX2...de

=NTry  n|¥n)(Pn]

Question: Given the Hamiltonian

_hz N 1 N
Hyi= YA+~ Y Vi—x;
N om ~ x,+NijZ:’1 (xz xj)7

and the initial data ¥y(0) = lllgw, how does yy evolve under Schrodinger's
equation?
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Schrodinger — Hartree

Physicists answer: Let y/(r) solve

iy = — Ay +(V+ |y )y
_ (1)
v(0) =wo
Then by asymptotic expansions
W) = [w()(w()]  asN— e (2)
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Schrodinger — Hartree

Hartree derivation:
> [Spohn '80] for bounded interactions
> [Erdds, Yau '01] for Coulomb interactions

> [Rodnianski, Schlein '09], [Chen, Oon Lee, Schlein '11] with rates
using Second Quantization

> [Dietze, Lee '22] uniform-in-time convergence
Gross-Pitaevskii/NLS:

> [ErdGs, Schlein, Yau '06], [Adami, Golse, Teta '07] first results for
deriving NLS

> [Kirkpatrick, Schlein, Staffilani '11] NLS on T?

> [Chen, Hainzl, Pavlovi¢, Seiringer '15] Gross-Pitaevskii hierarchy
unconditional uniqueness
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What are Fermions?

Fermions are quantum particles whose statistics are antisymmetric:
2 (mpdM
La(R ) =

{lPM S Lz(RdM) : Vo €Sy, ‘P(xo(l), . 7x0'(M)) = (_l)sgn(O')\P(xl, .. ,XM)}
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What are Fermions?

Fermions are quantum particles whose statistics are antisymmetric:
2 (mpdM
La(R ) =

{lPM S LZ(RdM) : Vo €Sy, ‘P(xo(l), . 7x0'(M)) = (—I)Sgn(c)\P(Xl, .. ,XM)}

They also evolve according to Schrodinger’s equation
ihd, ¥y = HyWy

where Hyy is the Hamiltonian encoding the physics of the system.
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Fermions Mixtures

Fermi Gas: 1

Fermionic gases obey the Pauli Exclusion Principle and cannot condense.
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Fermi Gas: 1

Fermionic gases obey the Pauli Exclusion Principle and cannot condense.

lithium-6 lithium-7

BAsE
T/T=0.56
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TF

T/T=0.25

Fermi Pressure 61 .
Li = Fermion TLi = Boson
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Fermions Mixtures

Fermi Gas: II

Given {¢;}*, orthonormal set in L*(RY) we can construct Slater
determinants

W (xqy..n,xy) = \/;Tcllgt(¢i(xj)) € Lg(RdM)

which are good approximations of the ground state of a weakly interacting
fermionic gas.
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Fermi Gas: II

Given {¢;}*, orthonormal set in L*(RY) we can construct Slater
determinants

W (xqy..n,xy) = (llejt(qb,-(xj)) ELg(RdM)

1
VM!
which are good approximations of the ground state of a weakly interacting

fermionic gas.

Their first marginal can be checked to be

M
YM=;|¢i><¢i|
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Schrodinger — Hartree-Fock

For large M, physcists expect solutions of the Hartree-Fock equation

indo(r) = [ SEAV p(t) — (t),a)(t)]
p(t,x) =M w(t;x,x)
o(0) = oy € L*(L*(RY)) with Tray =M

to approximate the Schrodinger evolution of yj,(z) under the Hamiltonian

Hy = "y V(x
M_%l:zl ljzl
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Schrodinger — Hartree-Fock

For =1 regime:
> [Bardos, Golse, Gottlieb, Mauser '03] regular interactions
> [Frolich, Knowles '11] Coulomb interactions
For h =M~/ regime:
> [Elgart, Erdés, Schlein, Yau '04] for analytic potentials
> [Benedikter, Porta, Schlein '14] with rates using Second Quantization
> [Benedikter, Porta, Schlein '14] relativistic
> [Benedikter Jaksi¢, Porta, Saffirio, Schlein '16] for mixed states
> Porta Radamacher, Saffirio, Schlein '17] for Coulomb
> [Fresta, Porta, Schlein '23] for high density
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Hartree-Fock — Vlasov

By considering a " macroscopic/semiclassical regime” where i = M-/

solutions of Hartree-Fock behave like solutions of the Vlasov equation:

{(6% +p Vot Fr(1)- V) f(t,x,p) =0
Fy(t,x) = — [VV(x—=y)f(t,y,p)dydp
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Hartree-Fock — Vlasov

By considering a " macroscopic/semiclassical regime” where i = M-/

solutions of Hartree-Fock behave like solutions of the Vlasov equation:

{(at +p Vet Fp(t)- V) f(t,x,p) =0
Fr(t,x) = — [VV(x—y)f(t,y,p)dydp

> [Narnhofer, Sewell '81] [Spohn '81] first results (Schrodinger to
Vlasov)

> [Lions, Paul '93], [Markowich, Mauser '93], [Gasser, lliner, Markowich
'98] Hartree-Fock to Vlasov

> [Athanassoulis, Paul, Pezzotti, Pulverenti '11] improved convergence

> [Benedikter, Porta, Saffiro, Schlein '16] quantitative convergence for
discontinuous initial data
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Bose-Fermi Mixtures: Physics

Investigating degenerate mixtures of bosons and fermions is an extremely
active area of research for understanding novel quantum bound states (e.g.

superconductors, superfluids, and supersolids).
A
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Fermions Mixtures

Bose-Fermi Mixtures: Mathematics

Define the Hamiltonian and phase space for N bosons and M fermions:

A =L (RN @ L2(RM)

hz M h2 N N.M
H:=— “ANRT+—) 1®(-A,)+A Vixi—y;
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Bose-Fermi Mixtures: Mathematics

Define the Hamiltonian and phase space for N bosons and M fermions:

A =L (RN @ L2(RM)

hz M h2 N N.M
H:=— “ANRT+—) 1®(-A,)+A Vixi—y;

Our question: How do we obtain an effective description of Schrodinger’s
equation for large N,M?
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Bosons Fermions Mixtures

Theorem 1: Deriving an Effective Description

Let v, 7r be the bosonic and fermionic marginals, and consider (o, y)
solutions to the Hartree-Hartree equation

ihd, = [~ (h*/2mp)A+ AN (V % pg), @]
ihoyy = —(1* )2mp) Ay +AM (V % pp)y

Theorem (Informal)

Under low temperature and propagation of semi-classical structure
assumptions, we have

1 C NM M
0 =007 < exp loay 2 (14 /B Y expi]

0 =Ny O) (WOl < Texo {m@ (1+ @) cxpll .

™ = — — oyt
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Fermions Mixtures

Theorem 1: Proof ideas

We use the language and tools of Second Quantization over a bosonic and
fermionic Fock space to study the fluctuation dynamics:

7 = PLRMY) @ P L(R™M)
N=1 M=1

The main difficulties and novelties were:

@ The identification of a scaling window,

@ Controlling products of the bosonic and fermionic number operators
when analyzing the fluctuation dynamics.

Joseph K. Miller (UT - Austin)
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Theorem 2: Scaling and Vlasov-Hartree

From Theorem 1, we identified a scaling regime

1 1
A=—, h=—

N IY; > m3=h, mp =1 and N:MH'%, (2)

a
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Theorem 2: Scaling and Vlasov-Hartree

From Theorem 1, we identified a scaling regime

A=—, h=—, mp=h, mp=1 and N=M"Ti. (2

Now consider the Vlasov-Hartree
(G +p-Ve+Fp(t,x)- V) f=0

0y = —3Ay+ (Vxpp)y (3)
(f>¥)(0) = (fo, o) € LL(R*) x L*(R?)
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Fermions Mixtures

Theorem 2: Convergence

Given a marginal ® € £ (L*(RY)), define the Wigner transform by

Wo)(x, p) == (271r)§ /Rdw(er%,x— %)e*"%dy (4)

Theorem (Informal)

Let (wf, wl) be an admissible family of initial data for the Hartree-Hartree
equation with

Whal — fo, and Wl —wy ash—0.

Let (0"(t), y"(t)) be the solutions of the Hartree-Hartree equation and
(f(1),y(t)) be solutions of the Vlasov-Hartree equation with respect to
the scaling (2). Then we obtain (with estimates)

W (t) = f(t), and " (t) = w(r) a,Sh_m' o

Joseph K. Miller (UT - Austin) Bose-Fermi Mixtures 16 /19




Fermions Mixtures

Future Directions

@ What about the ground state problem? What about other scaling
regimes?

@ Can anything interesting be said about the Vlasov-NLS system?

(+p-Vi+Fp(t,x) -Vp —i—Ff(t,x) -Vp)f =0
iy =—JAy+ (Vxpp)y+|y|*y
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Thanks!

Thank you!
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References for Figures

@ Figure 1: M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E.
Wieman, E. A. Cornell. Observation of Bose-Einstein Condensation in
a Dilute Atomic Vapor. Science, 269(5221): 198-201, 1995.

@ Figure 2-4: D. Jin. A Fermi Gas of Atoms. Physics World, 2002.

© Figure 5: I. Ferrier-Barbut et al. A mixture of Bose and Fermi
superfluids. Science, 345: 1035-1038, 2014.
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